The moduli dependence of string loop threshold corrections to gauge coupling constants is investigated for those Z N Coxeter orbifolds with the property that some twisted sectors have fixed planes for which the six-torus T 6 can not be decomposed into a direct sum T 4 T 2 with the fixed plane lying in T 2 .
It is a remarkable feature of the extrapolation [1] of the standard model gauge coupling constants using the renormalization group equations of the minimal supersymmetric standard model that all three gauge coupling constants g 3 , g 2 and g 1 of SU(3) × SU(2) × U(1) attain a common value at about 10 16 Gev. At first sight, this is a problem for heterotic string theory in view of the fact that the tree level gauge coupling constants of string theory have a common value [2, 3, 4] at a string unification scale of about 10 18 Gev. However, it is possible in orbifold compactifications of string theory for the string unification scale to be shifted down from 10 18 to 10 16 Gev by moduli dependent string loop threshold corrections [4, 5, 6] , whereas in cases where there is no moduli dependence the effect is too small [3, 7] .
The moduli dependence of the threshold corrections is associated [4] with orbifold twisted sectors (h, g), where h and g refer to the twists in the space and time directions, respectively, for which there is a complex plane of the six torus T 6 which is fixed by both h and g. The calculation of this moduli dependence is slightly easier when for all such fixed planes T 6 can be decomposed into a direct sum T 4 T 2 with the fixed plane lying in T 2 . In this case a general result [4] can be obtained. Calculations of the string loop threshold corrections have also been carried out [9] for some examples of Z N Coxeter orbifolds for which this simplifying assumption does not apply. We shall refer to these as non-decomposable orbifolds.
It is our purpose here to extend the calculations to all non-decomposable Coxeter orbifolds.
The Z N Coxeter orbifolds have been listed in ref. [10] . By exploring the action of the point group on the lattice momentum and winding numbers for all cases we have found that there is a quite small number of examples which are non-decomposable in the sense described above. These are displayed in table 1.
The moduli-dependent string loop threshold corrections ∆ a to the gauge coupling constants g −2 a are determined by a subset of the twisted sectors (h, g) of the orbifold. Only the twisted sectors for which there is a complex plane for the six torus T 6 fixed by both h and g contribute (the sectors which are twisted sectors of an N = 2 space-time supersymmetric theory.) Explicitly [4] 
where Z (h,g) denote the moduli dependent parts of the partition functions for the
is the contribution of the (h, g) sector to the one-loop renormalization group equations coefficient, b N =2 a is the contribution of all N = 2 twisted sectors and F is the fundamental region for the world sheet modular group P SL(2, Z).
It is convenient [9] to rewrite (1) in terms of a subset of N = 2 twisted sectors (h 0 , g 0 ) referred to as the fundamental elements but with the integration over an enlarged regionF depending on (h 0 , g 0 ). Then,
Here, the single twisted sector (h 0 , g 0 ) replaces a set of twisted sectors which can be obtained from it by applying those P SL(2, Z) transformations which generate the fundamental regionF of the world-sheet modular symmetry group of Z (h0,g0)
from the fundamental region F of P SL(2, Z). In particular, Z (h0,g0) is invariant under a congruence subgroup Γ 0 (n) of P SL(2, Z) with n = 2 or 3, where Γ 0 (n) is defined to be the subgroup with
of P SL(2, Z) transformations
where a, b, c, d are integers with
and when Z (h0,g0) is invariant Γ 0 (3) theñ
where S and T denote the P SL(2, Z) transformations
The calculation of the partition function terms Z (h0,g0) proceeds as follows.
For any particular orbifold with point group generated by θ, the action of θ on the basis vectors e i a of the lattice of the six torus is written in the form
If n a are the components of the winding number 2L i with respect to this basis
and m a are the components of the lattice momentum p i with respect to the dual
then it is convenient [11, 12] to write
and
Then the action of θ on w and p is θ :
Background metric and antisymmetric tensor fields G and B in the lattice basis consistent with the action of the point group must satisfy
and the independent entries of G and B after satisfying (17) are the moduli (deformation parameters) for the orbifold. * * We shall not consider the inclusion of Wilson lines in the present treatment
In the presence of the background fields the momenta P R and P L on the six torus take the form
As a consequence of (18) the partition function Z (h0,g0) for a fundamental sector (I, g 0 ) with no twist in the σ direction can always be written in the form [9] 
where from the definition of Z (I,g0) , only those p and w invariant under the action of g 0 are summed over in eqn. (19). The fixed plane associated with g 0 = θ k has windings and momenta w and p determined by
and then w and p are each parametrized by two integers. Substituting the form of w and p specified by (20), introducing a metric G ⊥ and an antisymmetric tensor B ⊥ for the two dimensional sub-lattice, and defining standard moduli T and U by
[8]
leads to an expression for Z (I,g0) in terms of the components of w and p in the fixed plane and the moduli T and U.
In all cases, except for the Z 6 orbifold with the SU(3) × SO(8) lattice, which is an example that has already been discussed in [9] , we find that the final expression for Z (I,g0) takes the form
where n 1 , n 2 , m 1 and m 2 are integers parametrizing the winding number and momentum in the fixed plane.
Poisson resummation can be carried out on (22), using the identity, for a lattice Λ and its dual lattice Λ * ,
where
Λ is the volume of the unit cell of the lattice Λ, with the result
The values for γ and δ for the relevant twisted sectors of the various orbifolds are given in table 2. For the Z 6 − II − a orbifold and the Z 12 − I − a orbifold there is no U modulus associated with the fixed plane in the (I, θ 3 ) twisted sector and in (22) the modulus U is replaced by the fixed numbers
The τ integration in (3) can be carried out using the general approach of refs. [4, 9] . The matrices A in (24) are partitioned into orbits under the world sheet modular symmetry group of Z (I,g0) which is in general a congruence subgroup Γ 0 (n) of P SL(2, Z) with n = 2 or 3. The sum over matrices A (i.e., l 1 , l 2 , n 1 and n 2 ) is then replaced by the contribution of a representative matrix A 0 for each orbit but with the region of τ integration enlarged to the union of all regions VF of all matrices V in Γ 0 (n) that produce distinct matrices A = A 0 V. In practice, it is slightly easier to work with integer-valued matrices rather than the original matrices A.
We now complete the discussion of various non-decomposable orbifolds on a case-by-case basis. For Z 6 − II − a, the fundamental sectors corresponding to the plane fixed by θ 2 may be taken to be (I, θ 2 ), (I, θ 4 ). The partition functions Z (I,θ 2 ) and Z (I,θ 4 ) turn out to be identical as can most easily be seen by applying the world sheet modular transformation ST 3 S to Z (I,θ 2 ) , remembering that the modular transformation (5) has the action on the twisted sectors
Thus we need only to double the contribution of Z (I,θ 2 ) . The partition function
is invariant under the congruence subgroup Γ 0 (3) of P SL(2, Z) and the twisted sectors (θ 2 , I), (θ 2 , θ 2 ) and (θ 2 , θ 4 ) are obtained from it by the action of S, ST and ST 2 , respectively. The winding number and lattice momentum in the plane fixed by θ 2 take the form
To evaluate the τ integration it is convenient to work in terms of the matricesÃ defined by
rather than the matrices A. The modular transformation (5) restricted to Γ 0 (3) is equivalent to the transformatioñ
on the matrixÃ, where we must take
to stay within the Γ 0 (3) modular symmetry group of Z (I,θ 2 ) . The orbit containing the single matrix A = 0 is straightforward. The representative matrices for matrices with non-zero determinant may be taken to bẽ
with 0 ≤ j < k, p = 0, and forÃ I ,Ã III andÃ IV , p = 0 (mod) 3. The integration is over the double cover of the upper half plane. The matrices with zero determinants may be represented byÃ
with j, p ∈ Z, (j, p) = (0, 0) and inÃ V , p = 0 (mod) 3. Because post-multiplying A V by the Γ 0 (3) matrices V and T n V , n an integer, gives the same result, to obtain theÃ V contribution we must integrate over the strip τ 2 > 0, |τ 1 | < 1 2 . Also, because post-multiplyingÃ V I by the Γ 0 (3) matrices S t V S and S t T 3n V S gives the same result, to obtain theÃ V I contribution we must integrate over the b (θ 2 ,θ 2 ) and b (θ 2 ,θ 4 ) to b (I,θ 2 ) and including the equal contributions starting from
The final result for the contribution to ∆ a is
where η is the Dedekind function, and
with γ E the Euler-Mascheroni constant. Equation (35) displays the target space
, as a consequence of the transformation property under modular transformations
of the Dedekind function
For the Z 6 − II − a orbifold there is also a moduli dependent contribution to ∆ a from the plane fixed by θ 3 . In this case, the fundamental sector may be taken to be (I, θ 3 ) and the partition function Z (I,θ 3 ) is invariant under Γ 0 (2) of P SL(2, Z). The winding number and lattice momentum in the plane fixed by θ 3 takes the form
and, in terms of m 1 , m 2 , n 1 and n 2 , Z (I,θ 3 ) here has the same form as for the Z 4 − a orbifold example considered in [9] . The calculation is in all respects similar to that case except that U now takes the fixed value U 0 of (26). Thus, the contribution to the string loop threshold correction is
where we have denoted the modular parameter associated with the plane fixed by θ 3 byT . This contribution to ∆ a has the target space modular symmetry Γ 0 T (2).
In the case of Z 6 − II − c orbifold the winding number and momentum for the plane fixed by θ 2 takes the form
and, in terms of n 1 , n 2 , m 1 and m 2 , Z (I,θ 2 ) takes the same form as Z (I,θ 2 ) for the Z 6 − II − a orbifold. The calculation is in all respects similar leading to the contribution (35) to ∆ a . For the plane fixed by θ 3 the SU(3) × SO(7) × SU (2) lattice is decomposable. Consequently the general result of ref [4] applies, and we get the contribution to the string loop threshold correction
with full P SLT (2, Z)×P SLŨ (2, Z) modular symmetry, whereb a is the contribution to b N =2 a from the (I, θ 3 ) , (θ 3 , I) and (θ 3 , θ 3 ) sectors.
For the Z 12 − I − a orbifold there are 5 fundamental sectors which may be taken to be (I, θ 3 ) , (I, θ 9 ), (θ 6 , θ 3 ), (θ 6 , θ 9 ) and (I, θ 6 ), with the other twisted sectors being generated from these by the action of S and ST . The partition functions Z (I,θ 9 ) , Z (θ 6 ,θ 3 ) and Z (θ 6 ,θ 9 ) are identical to Z (I,θ 3 ) as can be seen by applying modular transformations to Z (I,θ 3 ) , and it can be shown by direct calculation that
is also identical to Z (I,θ 3 ) . Thus, the complete result is identical to 5Z (I,θ 3 ) .
The winding number and momentum for the plane fixed by θ 3 takes the form
and in terms of the integers n 1 , n 2 , m 1 and m 2 , Z (I,θ 3 ) has the same form as Z (I,θ 3 )
for Z 6 − II − a with U = U 0 replaced by U =Ū 0 as in (26). Thus the string loop threshold correction is
Of the cases not considered in [9] , it remains to discuss Z 4 −b. For this orbifold there is a single fundamental sector which may be taken to be (I, θ 2 ) with (θ 2 , I) and (θ 2 , θ 2 ) obtained from it by S and ST transformations. The winding number and momentum in the plane fixed by θ 2 takes the form
and the partition function Z (I,θ 2 ) is invariant under the congruence subgroup Γ 0 (2) of P SL(2, Z). The situation somewhat resembles that for the (I, θ 2 ) sector of the Z 6 − II − a orbifold except that in (29) we havel 2 = 2l 2 ∈ 2Z, in (32) only the first three matrices are required with p even in bothÃ I andÃ III , and forÃ V of (33) one must also take p even. The range of integration ofÃ V is modified to
The final result for ∆ a is
which displays target space modular symmetry Γ 0
The string loop threshold corrections and their target space modular symmetries are summarized in table 3.
In conclusion, the string loop threshold corrections for gauge coupling constants have been obtained for all non-decomposable Z N Coxeter orbifolds, i.e., where some twisted sectors have fixed planes for which the six-torus T 6 can not be decomposed into a direct sum T 4 ⊕ T 2 with the fixed plane lying in T 2 .
The target space modular symmetry group associated with such fixed planes is always a congruence subgroup Γ 0 (2) or Γ 0 (3) of the full P SL(2, Z) for the T moduli and this is also the case for U moduli in relation to the subgroups Γ 0 (2) or Γ 0 (3), with one exception. These modular symmetry groups are in agreement with those obtained by studying the spectrum of states for these orbifolds [13] . Values of parameters γ and δ for relevant twisted sectors (h 0 , g 0 ) of the nondecomposable Z N orbifolds. 
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